The aim of this paper is to introduce a new framework for studying bi-capacities and its integrals, which is alternative framework from defined by Grabisch and Labreuche ([7], [8] ). First, we define bi-capacities through introducing a notion of ternary-element sets. Secondly, we propose model of bipolar Choquet integral with respect to bi-capacity based on ternary-element sets, and we study basic properties of new model.
Introduction
The area of applications of capacity [3] (also known under the name of fuzzy measure in some literatures [6] , [10] ) and Choquet integral (see, e.g., [3] , [5] , [1] , [6] ) has been greatly expanded in the different fields, especially in the field of decision theory. However, capacity and Choquet integral are not suitable in some situations such as decision behaviors, in particular when the underlying scales are bipolar. In [7] , the notion of bicapacity was proposed (as a natural extension of capacity) by Grabisch and Labreuche to resolve these problems. The Choquet integral with respect to bi-capacities has been introduced by Grabisch and Labreuche [8] as a generalization of the Choquet integral.
The paper aims at constructing a different framework from defined by Grabisch and Labreuche ( [7] , [8] ) suited to bipolar scales. First, we present a new framework for studying capacities and its integrals through introducing a notion of binary-element sets. Then, we extend the notion of binary-element sets to ternary-element sets, and propose a new framework of bi-capacities and bipolar Choquet integral with respect to bi-capacity based on a notion of ternary-element sets.
The structure of the paper is as follows. In the next section we recall basic definitions of usual capacities, bi-capacities and its integrals. The third section presents a new framework of capacities and its integrals. In section 4, we propose a new framework of bi-capacities and bipolar Choquet integral with respect to bicapacities. In section 5, we study basic properties of new framework. The paper finishes with some conclusions.
Usual capacities, bi-capacities and its integrals
In this section we give some basic definitions of usual capacities, bi-capacities and its integrals. Usual capacities on some finite universe X are special monotone set functions defined in the following way (see, e.g. [3] , [5] ).
Definition 1:
A capacity on X is a set function
In a unbipolar context, when using a capacity to model the importance of the subsets of criteria, a suitable aggregation operator that generalizes the weighted arithmetic mean is the Choquet integral (see, e.g. [5] , [6] ) which is defined as follows.
Definition 2:
Let be a capacity on X. The Choquet integral of a measurable function h: → [0,1] with respect to , which is denoted by ( ) ∫ ℎ , can be defined as where (1 * , 2 * ⋯ , * ) is a permutation of {1,2 ⋯ , } so that ℎ(1 * ) ≤ ⋯ ≤ ℎ( * ) with a convention ℎ(0) = 0.
An alternative equivalent expression for equation (1) 
In a bipolar context, when bi-capacities are used to model the importance of the subsets of criteria, Grabisch and Labreuche [8] proposed the following natural extension of the Choquet integral. 
A new approach of capacities and its integrals

Capacities based on bi-element sets
In the context of multi-criteria decision making problem, we shall consider a set = {1,2 ⋯ , } of criteria and a set of alternatives described according to these criteria. Since the criteria have not always the same importance, and defining a capacity on a set of criteria can be seen as a way of modeling the interaction phenomena existing among these criteria. Hence, for every element ∈ has either positive effect (i.e., is positively important criterion of weighted evaluation not only alone but also is interactive with other) or has negative effect (i.e., is negatively important criterion). Thus, we can represent the element as + whenever is positively important, and as − whenever is negatively important, and we call this element a binary-element (or simply bi-element). The binary-element set (or simply bi-element set) is the set which contains either + or − for all , = 1,2 ⋯ , . For this situation, we can describe the set of all possible combinations of binary elements of criteria given by ℬ( ) = { { 1 , ⋯ , }| ∀ ∈ { + , − }, = 1,2 ⋯ , } which is corresponds to power set ( ) in the notation of classical set theory.
The set of all bi-element sets ℬ( ) can be identified with {0,1} 2 , hence |ℬ( )| = 2 . Also, any bi-element set ∈ ℬ( ) can be written as a binary alternative denoted by ( 1 , ( 2 , ⋯ , ) with = 1 + ∈ and = 0 if − ∈ , = 1,2 ⋯ , .
We introduce the inclusion relation ⊆ of bi-element sets of ℬ( )as follows.
Definition 5 :
Let ℬ( ) be the set of all bi-element sets and , ∈ ℬ( ).
Then, ⊆ ∀ ∈ , + ∈ + ∈ . Note that,
Based on the notion of bi-element sets, the following definition gives an equivalent definition of capacities.
Definition 6:
Let ℬ( ) be the set of all bi-element sets. A set function : ℬ( ) → [0,1] is called capacity if it satisfies the following requirements:
3.2 The Choquet integral based on the bi-element sets
In this subsection, we propose an equivalent model of Choquet integral with respect to capacities based on the bi-element sets. We assume that to each alternative in multi-criteria decision making problem is described by a vector = ( 1 + , ⋯ , + , ⋯ , + ); + ∈ with ∈ {1,2 ⋯ , } , and we consider a bi-element set + = { + | + ∈ for each ∈ {1,2 ⋯ , } }. Thus, we define the Choquet integral with respect to capacity of real input as follows.
Definition 7:
Let ℬ( ) be the set of all bi-element sets and : ℬ( ) → [0,1] be a capacity based on bi-element set. Then Choquet integral of with respect to is given by
where From the definition of the Choquet integral with respect to capacity based on bi-element set, we immediately see the following property.
Proposition 1:
Let ℬ( ) be the set of all bi-element sets and : ℬ( ) → [0,1] be a capacity based on bi-element set. Then Choquet integral of with respect to is given by For the sake of clarity, let us give the following numerical example.
Example 1:
For n = 3, let us consider = (4,6, −3). Applying the Choquet integral with respect to the capacity based on bielement sets (Formula (5) 
A new approach of bi-capacities and its integrals
Bi-capacities based on ter-element sets
In this subsection, we will extend the scale of capacity to a bipolar scale [-1, 1] and we generalize the concept of binary-element sets to ternary-element sets, then we give equivalent definitions of bi-capacities based on ternary-element sets. So we are going to work on the scale [-1, 1] and we will say that [0, 1] is the degree of satisfaction (or "positive part") and [-1, 0] the degree of non satisfaction (or "negative part"), where 1 is the full satisfaction and -1 the full non satisfaction. In this construction an interesting point is 0. It is the middle point between the full satisfaction and the full non-satisfaction. So we will consider that it represents the "neutral part".
The idea is to extend the notion of bi-element sets, and define a concept that gathers all combinations of positive, negative, and neutral values on the criteria. For this situation, we assume that, for every element ∈ has either positive effect (i.e., is positively important criterion), or has negative effect (i.e., is negatively important criterion), or has no effect (i.e., is criterion at neutral level). Hence, we represent the element as + whenever is positively important, as − whenever is negatively important, and as ∅ whenever is neutral, and we call this element a ternary-element (or simply ter-element). The ternary-element set (or simply ter-element set) is the set which contains only out of + , − , ∅ for all , ∈ {1,2 ⋯ , }. Thus, in our model we consider the set of all possible combinations of ternary elements of criteria given by ( ) ≔ {{ 1 , ⋯ , }|∀ ∈ { + , − , ∅ }, = 1,2 ⋯ , } which is corresponds to ( ) in the notation of classical bi-capacities ( [7] ).
Note that, ( ) can be identified with {−1, 0,1} , hence | ( )| = 3 .
Also, simply remark that for any terelement set ∈ ( ), is equivalent to a ternary alternative ( 1 , ⋯ , ) with = 1 if + ∈ , = 0 if ∅ ∈ , and = −1 if − ∈ , ∀ = 1,2 ⋯ , .
We introduce the order relation ⊑ between ter-element sets of ( ) as follows.
Definition 8 :
Let ( ) be the set of all ter-element sets and , ∈ ( ). Then, ⊑ ∀ ∈ , " + ∈ + ∈ " , and " ∅ ∈ + ∅ ∈ " ............ (7) Note that, − = {1 − , 2 − ⋯ , − } ⊑ and + = {1 + , 2 + ⋯ , + } ⊒ , ∀ ∈ ( ). The following definition is equivalent definition of bi-capacities based on notion of ter-element sets.
Definition 9 :
Let ( ) be the set of all ter-element sets. A set function ∶ ( ) → [−1, 1], is called bi-capacity if it satisfies the following requirements:
Bi-capacity based on ter-element set ( ), ∀ ∈ ( )is exactly the overall score or utility of the ternary alternative ( 1 , ⋯ , ) with = 1 (full satisfaction) if + ∈ , i. e. on positively important elements in , = −1 (full non satisfaction) if − ∈ ,
i.e. on negatively important elements in , = 0 (neutral) if ∅ ∈ , i.e. according to the neutral elements in .
The order ⊆ on ( )
Bi-capacities are functions defined on the structure of the underlying partially ordered set [4] . There are several orders on the structure ( ) have introduced by Grabisch and Labreuche [7, 9] and Bilbao et al. [2] . In this subsection, we introduce an order on the structure ( ) different from the order ⊑ described in subsection 4.1 (Definition 8).
We consider the following definition of an order on ( ) which is equivalent to Bilbao order on bi-cooperative game [2] . For convenience, we denote by ⊆ the order relation defined on ( ) as in the definition 5, and we will use the order ⊆ on ( ) to establish our next results of this research.
Definition 10 :
Let ( ) be the set of all ter-element sets and , ∈ ( ). Then, ⊆ ∀ ∈ , " + ∈ + ∈ " , and " − ∈ − ∈ ". ....... (8)
The bipolar Choquet integral based on the ter-element Sets
In this subsection, we propose Choquet integral model with respect to bi-capacity based on the ter-element set of real input . The basic idea underlying this model is for an input vector = ( 1 , … , , … , ); ∈ ℎ ∈ {1,2 ⋯ , }. we consider a terelement set * = { 1 , ⋯ , } with = + > 0; = − < 0; = ∅ = 0, ∀ = 1, … , . Thus, we define the bipolar Choquet integral with respect to bi-capacity based on ter-element set of real input as follows.
Definition 11 :
Let ( ) be the set of all ter-element sets and ∶ ( ) → [−1, 1], be a bi-capacity based on ter-element set.
Then, the bipolar Choquet integral of with respect to is given by From the definition of the bipolar Choquet integral with respect to the bi-capacity based on ter-element set, we immediately see the following property. 
Example 2:
[Example 1 continued] Applying the bipolar Choquet integral with respect to bicapacity based on the ter-element sets (Formula (11)) we obtain 
Properties of bipolar Choquet integral based on the ter-element sets
In this subsection, we give some basic properties satisfied by the proposed framework of bipolar Choquet integral with respect to the bi-capacity based on the ter-element sets.
Proposition 3 :
For positive input vectors the bipolar Choquet integral with respect to bi-capacity and Choquet integral with respect to capacity coincide.
Proof:
Clear from the definition of the bipolar Choquet integral with respect to the bi-capacity based on the ter-element sets. ■ The next property shows the bipolar Choquet integral of ternary alter-natives (1 , −1 , 0 ) equals bi-capacity ( ), ∀ ∈ ( ) as shown by the following result.
Proposition 4 :
For any bi-capacity based on the terelement sets ( ) on ( ), ℎ (1 , −1 , 0 ) = ( ), ∀ ∈ ( ).
Proof:
For ternary vector
Therefore, from the bipolar Choquet integral with respect to bi-capacity based on the terelement sets (Formula (11)), we have
The next property shows that the bipolar Choquet integral with respect to the bicapacity satisfy the monotonicity. Also, we assume that for all elements of , the order of each element is the same, i.e.,
Firstly, we prove the monotonicity of this case.
Using the equivalent expression of bipolar Choquet integral with respect to bi-capacity based on the ter-element sets (Formula (12)), we have , the proposition can be proved. ■
Conclusions
In this paper, we have proposed an alternative expressions of bi-capacities and Choquet integrals with respect to bi-capacities. We have defined bi-capacities and bipolar Choquet integrals with respect to bi-capacities based on notion of ternary-element sets. Definition of bi-capacities and its integrals via notion of ter-element sets is important because attaching a polarity to each element is an easier than attaching a polarity to sets. Thus, we expect these definitions allow a simple way to define other integrals on bi-capacities.
